Abstract. In view of interpreting the cosmological observations precisely, especially when they involve narrow light beams, it is crucial to understand how light propagates in our statistically homogeneous, clumpy, Universe. Among the various approaches to tackle this issue, Swiss-cheese models propose an inhomogeneous spacetime geometry which is an exact solution of Einstein's equation, while the Dyer-Roeder approximation deals with inhomogeneity in an effective way. In this article, we demonstrate that both methods generate the same distance-redshift relation, at a well-controlled level of approximation. The Swiss-cheese and Dyer-Roeder approaches are therefore undistinguishable, when applied to interpretation of cosmological data. The proof relies on completely analytical arguments, and is illustrated by numerical results.
Introduction
All cosmological observations involve, today, exclusively photons as the carrier of the information. In order to interpret them correctly, it is thus primordial to understand how light propagates through the Universe. In particular, the relation between the angular diameter distance D A (or the luminosity distance D L ) and the redshift z of remote sources, is a key ingredient both in the interpretation of the baryonic acoustic oscillations (BAO), whether they are extracted from the cosmic microwave background (CMB) [1] or from the correlation function of the galaxy distribution [2] ; and, of course, in the analysis of the Hubble diagram, constructed from supernova (SN) observations [3, 4] . Though crucial, the determination of a reliable optical model of our Universe, known as the fitting problem [5] , still remains to be done. In practice, observational cosmologists always rely on the somehow least worst model, in which light propagates through a FriedmannLemaître (FL) spacetime, describing a perfectly homogeneous and isotropic universe [6] . While such an approximation may be valid for wide light beams (e.g., involved in BAO observations), typically sensitive to the large-scale structure of the Universe, it is much more questionable regarding the very narrow beams involved in astronomical observations, e.g., SNe [7] .
Of course, the challenge of establishing a better optical model for the Universe led to many studies based on various methods. Popular ones, in the paradigm of standard cosmology, consist in the analysis of weak lensing in a perturbed FL spacetime [8] [9] [10] [11] [12] [13] [14] , or in cosmological simulations [15] . Alternative relativistic models for the inhomogeneous Universe can also be considered, such as Swiss-cheese models [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , lattice models [28, 29] , or plane-symmetric models [30] . Finally, rather than specifying any spacetime model, one can use simplifying assumptions about the impact of the inhomogeneity of matter distribution on light propagation, in order derive an effective model. It is the case of the Dyer-Roeder approach [31] , inspired from Zel'dovich's original intuition [32] . We refer the reader to, e.g., Refs. [33, 34] for elements of review and comparison.
Among all those approaches, the Dyer-Roeder (DR) approximation and Swiss-cheese (SC) models used to be studied in parallel, and they are traditionally presented together (see, e.g., Textbook [35] ). This is actually not surprising, because, in its origin, the DR approximation was motivated by SC models. Though very different in their philosophy-the former is an effective theory, based on assumptions, while the latter relies on a well-defined spacetime model-, both approaches seem to generate similar distance-redshift relations [36] However, to the knowledge of the author, such a correspondance has never been explained, nor rigorously proved, in the litterature. The purpose of this article is thus to fill the blank, not only by checking the conjecture (0.1) numerically, but also by proposing an analytical proof of it, in order to understand the underlying mechanisms, and its domain of validity.
In Sec. 1, we recall theoretical elements about geometric optics, needed for the remainder of the article. In Secs. 2 and 3 we introduce, respectively, the DR approximation and SC models. Section 4 is then dedicated to the analysis of the optical properties of SC models, that we prove to be equivalent to the ones predicted by the DR approach, at a very good level of approximation. Finally, in Sec. 5, we propose numerical illustrations of our results, and we analyse the origin of the small discrepancies between the SC and DR approaches.
is a null vector field, tangent to the rays r = cst. It therefore satisfies
Besides, the relative behavior of two neighboring rays x µ (·, r) and x µ (·, r + dr) is described by their separation vector ξ µ ≡ ∂x µ /∂r. One can always choose the origin of the affine parametrization of each ray r = cst so that
Note that this condition is automatically satisfied if one sets v = 0, for each geodesic, at a vertex point of the bundle, that is an event where ξ µ = 0. When the condition (1.2) is satisfied, the evolution of ξ µ along the light beam is governed by the geodesic deviation equation
where R µ ναβ is the Riemann tensor.
The Sachs formalism
Consider an observer, with four-velocity u µ (u µ u µ = −1), who crosses the light beam. With respect to this observer, one defines the spatial direction of light propagation as the opposite of the only direction for which the observer can detect a signal. It is spanned by the purely spatial unit vector
which leads to the 3+1 decomposition of the wave four-vector 5) where ω = 2πν ≡ −u µ k µ is the cyclic frequency of the light signal in the observer's rest frame. Note that d = ωdv is the proper distance (measured by the observer) travelled by light for a change dv of the affine parameter. The redshift z is defined as the relative difference between the emitted frequency ν s , in the source's frame, and the observed frequency ν o , in the observer's frame, so that
.
(1.6) Now suppose that the observer wishes to measure the size and the shape of the light beam. For that purpose, he must use a (spatial) screen orthogonal to the line of sight. This screen is spanned by the so-called Sachs basis (s
and by the transport property (1.8) below. The projections ξ A ≡ s µ A ξ µ indicate the relative position, on the oberver's screen, of the light points corresponding to two neighboring rays separated by ξ µ . Thus, it encodes all the information about the size and shape of the beam.
Consider a family of observers u µ (v), along the beam, who wants to follow the evolution of the shape of the beam (typically for shear measurements). For that purpose, they must all use the "same" Sachs basis, in order to avoid any spurious rotation of the pattern observed on the screens. This is ensured by a partial parallel transportation 8) where 9) where
is the screen-projected Riemann tensor, called the optical tidal matrix. The properties of the Riemann tensor imply that this matrix is symmetric, R AB = R BA . Note that the altitude of the "screen indices" (A, B, . . .) does not matter, since they are raised and lowered by δ AB . In the following, to alleviate the notation, we use bold symbols for quantities with screen indices, and an overdot for derivatives with respect to the affine parameter v. The Sachs equation (1.9) thus becomesξ = Rξ.
The Riemann tensor can be decomposed into a Ricci part and a Weyl part, 10) where the Ricci tensor R µν is directly related to the local density of energy-momentum via Einstein's equations; and the Weyl tensor C µναβ contains the long-range effects of gravitation. As a consequence, the optical tidal matrix can also be splitted into a pure-trace Ricci-lensing term and a traceless Weyl-lensing term as
with
It is then clear, from the Sachs equation (1.9) , that the Ricci term tends to isotropically focus the light beam, while the Weyl term tends to shear it. For this reason, Φ 00 is called "source of convergence" and Ψ 0 "source of shear 2 " [38] .
Wronski matrix, Jacobi matrix
Because the Sachs equation is a second-order homogeneous linear differential equation, any solution is linearly related to its initial conditions (v = v 0 ), so that 14) where C(v ← v 0 ) and D(v ← v 0 ) are 2 × 2 matrices, respectively called scale matrix and Jacobi matrix, which satisfy the Sachs equation like ξ(v), with initial conditions 15) where 0 n and 1 n denote respectively the n × n zero and identity matrices. Equations (1.13), (1.14) can finally be gathered into a single 4 × 4 matrix relation:
is the 4 × 4 Wronski matrix of the Sachs equation. As we will see in Sec. 4, it is particularly convenient for dealing with light propagation through a patchwork of spacetimes, such as Swiss-cheese models, because by construction
It is easy to see that the Wronski matrix is the only solution oḟ
This differential equation is formally solved by
where Vexp is the affine-parameter ordered exponential, analogous to the time-ordered exponential in quantum field theory. It is defined, for any matrix-valued function M, by
(1.20) This expression reduces to a regular exponential if, for all v, v , M(v) commutes with M(v ). In the case of Eq. (1.19), this apples if, and only if, the optical tidal matrix R(v) is a constant.
Angular distance and luminosity distance
The observational notion of angular distance D A , which relates the emission cross-sectional area d 2 A s of a source to the observed angular aperture dΩ 2 o , via
is naturally related to the Jacobi part D of the Wronski matrix. Indeed, on the one hand ξ(v s ) = s is the proper separation (in the source's frame) between two emission points within the extended source; on the other handξ(v o )/ω o = θ o is the observed angular separation between the light rays emitted by these points. Thus, from Eq. (1.13), we find 22) so that
The observational luminosity distance D L , relating the source's intrinsic luminosity L s and the observed flux F o via L s = 4πD 2 L F o , can also be expressed in terms of D [39] according to
We stress that, contrary to what it is sometimes wrongly believed, the duality law (1.24) is true for any spacetime, as far as the number of photons is conserved during light travel.
Since the Jacobi matrix D not only encodes information about the size of the beam, but also about its shape, all the weak-lensing observational quantities (convergence, shear, magnification) can be extracted from it; see, e.g., Ref. [38] for more details. Moreover, some genuinely relativistic effects, such as optical rotation, which are usually not taken into account by weak lensing studies, are also encoded in D; Ref. [40] provides an example in the context of anisotropic cosmology. Let us finally indicate that, by a suitable choice of coordinates adapted to the lightcone [41, 42] , the expression of the Jacobi matrix can be trivialized [43] , so that the whole information is, in this case, contained in the Sachs basis only.
The Dyer-Roeder approximation
In this section, we describe in detail the propagation of light in a homogeneous and isotropic universe, and how it must be modified according to the Dyer-Roeder (DR) prescription. The last subsection is dedicated to a discussion about its physical motivations and its limitations.
Light propagation in a homogeneous and isotropic universe
Let us apply the formalism developed in the previous section to the Friedmann-Lemaître (FL) geometry. The associated metric reads (in three different coordinate systems)
where dΩ 2 ≡ dθ 2 + sin 2 θdϕ 2 is the infinitesimal solid angle; T , η denote respectively the cosmic and conformal times, with dT = adη; a is the scale factor; χ is the comoving radius, R = f K (χ) the comoving areal radius, with
and finally 6K/a 2 is the (intrinsic) scalar curvature of the T = cst spatial hypersurfaces. The time evolution of the scale factor a(T ) is ruled by the Friedmann equation
where ρ is the homogeneous energy density of matter, modelled by a dust fluid filling space, and Λ is the cosmological constant. As usual, a subscript 0 denotes the present value of a quantity. The Friedmann equation can be also written in terms of the cosmological parameters {Ω},
We now focus on light propagation. Consider a comoving observer, who can be chosen without loss of generality at the origin of the spatial coordinate system. A light ray reaching this central observer today is purely radial, and propagates according to χ = η 0 − η. Along it, the affine parameter v satisfies dη/dv = ω/a, and aω is a constant (whence the FL expression for the redshift, 1 + z = a o /a s ). The evolution of the redshift with the affine parameter is therefore ruled by 1
The screen vectors s 1 , s 2 , forming the Sachs basis, do not need here to be specified explicitely to get the optical tidal matrix R, because of the high degree of symmetry (in particular, spatial isotropy) of the FL spacetime. The result is
As expected, a FL spacetime only focus light via a Ricci term (source of convergence), because conformal flatness imposes that the Weyl tensor (source of shear and rotation) vanishes. The Sachs equation (1.9) can then be solved exactly, e.g., by taking advantage of the conformal flatness [36] , in order to obtain the blocks of the Wronski matrix:
where H ≡ a (η)/a = aH is the conformal Hubble parameter, and a prime denotes a derivative with respect to conformal time η. Note that (2.12) gives the well-known expression for the angular distance in a FL universe,
Although it is not obvious when written under this form, Eq. (2.14) must be considered a relation between the angular distance and the affine parameter, because it results from solving d 2 D/dv 2 = RD. From this point of view, the usual distance-redshift relation D A (z)-as used, e.g., for interpreting the SN data-arises from both Eq. (2.8) and Eq. (2.14). The importance of such a remark will become clearer in the next subsection.
The Dyer-Roeder approximation
As first pointed out by Zel'dovich [32] , at the scale of the typical cross-sectional area of a light beam involved in astronomical observations, such as SNe, our Universe cannot be reasonably considered as homogeneously filled by a fluid, but rather composed of more or less concentrated clumps of matter. Therefore, the light signals involved in these observations must essentially propagate through vacuum, and consequently undergo focusing effects which are different from the FL case, presented in the previous subsection.
Such an intuition led Zel'dovich to propose an "empty-beam" approximation, generalized later by Dyer and Roeder [31] into a "partially-filled-beam" approach, better known as the DR approximation. The aim is to provide an effective distance-redshift relation D A (z) which would take the small-scale inhomogeneity (i.e. the clumpiness) of our Universe into account. Such a relation can then be used for interpreting the SN data, instead of the standard FL one.
The DR approximation is based on three hypotheses:
DR1
The relation between the redshift z and the affine parameter v is essentially unaffected by the inhomogeneity of the distribution of matter.
DR2
Weyl focusing is negligible regarding the evolution of the angular distance.
DR3
Ricci focusing is effectively reduced, with respect to the FL case, by a factor 0 ≤ α ≤ 1, called smoothness parameter, due to the fact that light mostly propagates through underdense regions of the universe. The physical meaning of α is thus the effective fraction of diffuse matter intercepted by the light beam during its propagation.
Those conditions imply that the DR relation between angular distance and redshift, D DR A (z), is generated by solving both 
known as the DR equation. In the original formulation of the DR approximation, the smoothness parameter α was assumed to be a constant. However, according to its very definition, one can expect α (i) to depend on the line of sight, and (ii) to vary even along a given line of sight. In particular, it has been shown empirically [44] that, at least in a particular model for matter distribution, the DR equation gives results in good agreement with weak lensing if α − 1 ∝ (1 + z) −5/4 .
On the physical relevance of the approximation
The physical relevance and the mathematical consistency of the DR approximation have been both questioned in the litterature [34, [45] [46] [47] . One of the criticisms, which lead to a "modified DR approximation" [34, 48] , relies on the argument that it is inconsistent to consider the universe effectively underdense only in the focusing term, and not in the z(v) relation. In other words, hypotheses DR1 and DR3 would be incompatible. In reaction to this argument, we stress that the essence of the DR approximation is precisely to notice that z(v) and D A (v) are ruled by distinct properties of spacetime. Indeed, while the former is ruled by the geodesic equation, involving spacetime metric and connection, the latter is governed by the geodesic deviation equation involving spacetime curvature. This difference is fundamental because, in our Universe, the fluctuations of curvature (i.e. the fluctuations of energy and momentum density) are expected to be much stronger than the fluctuations of metric and connection. This is, at least, true in the context of the cosmological perturbation theory.
Let us close this section by a word on backreaction. It is known since the late 90s that inhomogeneities of the distribution of matter in the Universe potentially affect its global/mean expansion (see, e.g., Refs. [49] [50] [51] for reviews). For the purpose of tracking such an effect in cosmological observations, one must wonder which properties of light propagation would be the most affected. On the one hand, we have seen that the D A (v) relation is ruled by the Sachs equation (1.9), which involves spacetime curvature, i.e., essentially the local mass density at the scale of the light beam. We thus expect this part to be only marginally affected by backreaction. On the other hand, there should be a strong impact on the z(v) relation. Indeed, it is always possible to interpret the cosmological redshift as a Doppler shift [52] , which we expect to be related to the global expansion of a domain containing the source and the observer. Therefore, one way of reading hypothesis DR1 of the DR approximation is that it describes a clumpy universe with no backreaction. This is, precisely, one of the main properties of Swiss-cheese models.
Swiss-cheese models
Historically, Swiss-cheese (SC) models were introduced by Einstein and Straus [53, 54] , in 1945, as a method to embed a compact object within the expanding universe. It consists in removing a spherical comoving region from a FL spacetime, and replacing it by a point mass at the center of the region (see Fig. 1 ). This creates a "hole" within the Friedmannian "cheese", and the operation can be repeated anywhere else, as long as the holes do not overlap. The reason why such a construction is possible is that the Schwarzschild (or Kottler) and FL geometries glue perfectly on a spherical shell. This property can be justified (see, e.g., Refs. [17, 36] ) invoking the Darmois-Israel junction conditions [55] [56] [57] between two spacetimes. In this section, we propose a slightly more intuitive approach. 
Free-fall coordinates for the Kottler metric
The Kottler geometry is the extension of the Schwarzschild geometry to the case of a nonvanishing cosmological constant. Written with the usual Droste-Schwarzschild coordinates, the associated metric reads
with A(r) ≡ 1 − r S /r − Λr 2 /3, r S ≡ 2GM being the Schwarzschild radius associated with the central mass M . It is possible to make this metric resemble the FL one (2.1), by using comoving and synchronous coordinates adapted to radially free-falling observers, analogous to the ones used to describe the Lemaître-Tolman-Bondi (LTB) geometry [58] [59] [60] . The construction is the following. Consider a test particle, which starts (at t = 0) a radial free fall from r = R. Since R is, here, an initial position, it can play the role of label for the particle, like a Lagrangian coordinate. If, from the point of view of a static observer at infinity, the particle has an energy γ(R), then its free-fall is characterized by the four-velocity
One can indeed check that u satisfies the geodesic equation. Let T be the proper time of the particle (dT = u µ dx µ ), with an arbitrary origin T = T 0 (R). Since u r = dr/dT , the relation between r, R, and T can be obtained by integrating Eq. (3.2), so that
We now consider an infinity of such free-falling particles, filling space, and we rewrite the Kottler metric (3.1) using the coordinates (T, R) instead of (t, r). It is not necessary, for that purpose, to integrate explicitely Eq. (3.3). Using only the free-fall four-velocity u, we get
Furthermore, taking the derivative of Eq. (3.3) with respect to R (with T fixed) leads to
The generic "free-fall form" of the Kottler metric therefore depends on two arbitrary functions, namely γ(R) and T 0 (R). Note that the above calculations implicitely assume γ(R) ≥ 1, in other words, all the particles have initially a velocity greater than the escape velocity, so that their Droste radial coordinate r goes from R to infinity. Nevetheless, the same construction is also possible for γ(R) ≤ 1, provided one considers two successive phases of the particles' motion: outgoing first and then ingoing (see Novikov coordinates, at page 826 of Ref. [61] ). Various coordinate systems, which already exist in the litterature, can be recovered from the above construction by specifying particular functions γ(R), T 0 (R). For example:
• Lemaître coordinates [58, 62] Here, we generalize the Lemaître coordinate system by choosing γ = cst = 1, and dT 0 /dR = 1/ γ 2 − A(R) − 1. We define an inhomogeneous scale factorã(T, R) = r(T, R)/R, and the associated expansion rateH(T, R) = (∂ã/∂T )/ã. The Kottler metric then reads
the scale factorã(T, R) satisfying a Friedmann-like equatioñ
is the mean density of the sphere of radius a 0 R, and
We conclude that each hypersurface R = cst behaves exactly as a (layer of a) FL universe, with comoving densityρ 0 (R) and spatial curvature parameterK(R). Moreover,K can indeed be related to spatial curvature, because the Ricci scalar of a T = cst hypersurface can be shown to be
Matching the Friedmann-Lemaître and Kottler geometries
Free-fall coordinates provide a natural extension of cosmic time and comoving coordinates inside the Kottler holes of a SC universe. They also allow us to understand more intuitively the junction between the FL and Kottler spacetimes at the boundary of a hole. Indeed, as we have seen above, each layer R = cst expands as a FL universe with densityρ 0 (R) and curvature parameterK(R). Hence, if we choose the boundary of a Kottler hole as a sphere of radius R h , so that 9) and, additionally, set γ so thatK(R h ) = K, then such a sphere will have the same expansion dynamics as the one of the FL cheese. In other words,
which matches the Kottler and FL geometries on the layer R = R h . For the sake of completeness, let us also check that, under the conditions specified above, the two Darmois-Israel junction conditions are automatically satisfied. First, the intrinsic metric of the junction hypersurface (i.e., the hole boundary) is the same whether one computes it from the inside of from the outside,
Secondly, the extrinsic the extrinsic curvature of the junction hypersurface R = R h is identical whether one computes it from the inside or from the outside. Recall that the extrinsic curvature tensor of a hypersurface is
where n is a normal unit vector, and the e a are three tangent vectors to the hypersurface. Here, the latter can be trivially chosen as (e a ) = (∂ T , ∂ θ , ∂ ϕ ). From the FL (outside) point of view, the unit normal vector reads n µ = aδ R µ / 1 − KR 2 h , from which one deduces
From the Kottler (inside) point of view, normal vector reads n µ =ãHR h δ R µ /γ, from which one computes
Thus, both tensors (3.15) and (3.16) coincide, provided thatK(R h ) = K andã(T, R h ) = a(T ).
Orders of magnitude
For a SC model to fit with the general philosophy of the DR approximation, it must aim at representing the clumpy, small-scale structure of the Universe. In this context, Kottler holes then model the local environment of gravitationally bound objects, typically galaxies. This reasonning leads us to choose the mass parameter of the Kottler regions as M ∼ M gal ∼ 10 11 M , which corresponds, because of the junction condition (3.9), to a typical hole radius
A crucial assumption, for the remainder of this article, is that the central objects are considered effectively opaque. In other terms, when studying light propagation through a Swiss cheese in Sec. 4 below, we will impose a lower cutoff, for the photon's impact parameter in the Kottler regions, corresponding to the physical size of the central galaxy (see Fig. 2) b > r gal ∼ 10 kpc.
(3.18)
Albeit an instrinsic limitation to the SC approach, such an assumption has both statistical and observational justifications. See Ref. [36] for a more detailed discussion on this point. To summarize, Kottler holes are characterized by a hierarchy of length scales
essentially controlled by the single dimensionless parameter ε, so that
The second relation is deduced from the junction condition (3.9) and the Friedmann equation (2.5). Parameter ε will be ubiquitous in the perturbative expansions of Sec. 4. 
Geometric optics in Swiss-cheese models
Swiss-cheese models have been used since the late 60s [16] [17] [18] 36 ] to investigate the impact of a clumpy distribution of matter on light propagation, and its consequences on cosmological observables. More recently, they were revisited by replacing Kottler holes by LTB holes, in order to model the large-scale structure of the Universe (voids and walls) rather than its small-scale clumpiness. See Refs. [19] [20] [21] [22] [23] [24] [25] [26] [27] for detailed studies about the optical properties of such models. In this section, we prove analytically that the DR approximation captures the essential physics of light propagation in SC models with Kottler holes, provided the conditions described in Sec. 3.3 are fulfilled.
Relation between affine parameter and redshift
The presence of Kottler holes, in a SC universe, modifies the z(v) relation. In this subsection, we show that such a correction is of order N ε, where N is the number of holes crossed by the light beam, and ε the small parameter defined in Sec. 3.3.
Let us start by investigating the effect of a single hole. Consider a source and an observer comoving with the boundary of the hole (both have a four-velocity u = ∂ T ); denote respectively "in" and "out" the emission and the reception events. The redshift of a photon which has travelled through the hole is
Without any loss of generality, we assume that the photon travels in the plane θ = π/2. The symmetries (Killing vectors) of the Kottler geometry imply the existence of two conserved quantities: the "energy" E and the "orbital momentum" L of the photon, so that, in terms of Droste coordinates,
Besides, the coordinate transformation (t, r) → (T, R) implies
where b ≡ L/E is the impact parameter, and ± ≡ sign(k r ) depends on whether the photon is approaching (−) or receding (+) from the center of the hole. In Eq. (4.3), we have used the constants of motion, and the fact that k is null-like. The redshift is therefore
where A in ≡ A(r in ) = A(a in R h ), and the same for A out . This relation is exact. Using the equations which rule the dynamics of the photon and of the hole boundary, it is possible to show that the right-hand side of Eq. (4.4) is essentially the cosmological redshift a out /a in , modulo corrections of order ε (see Appendix A for a proof),
The corrections hidden in the O(ε) term contain both the effect of light deflection in the Kottler hole, and the integrated Sachs-Wolfe (or Rees-Sciama) effect. If, during its travel through the SC, the photon crosses N holes, then the total redshift is
Equation (4.6) indicates that if a photon is emitted at cosmic time T s and observed at T o , then the redshift z SC measured in a SC universe is z FL + O(N ε), where z FL is the redshift that would be measured in a FL universe. Interestingly, this also implies that the corresponding affine parameters read
Let us justify this subtle point. By definition, the T (v) relation is governed by
thus, because of Eq. (4.6),
We conclude that the affine parameter-redshift relation of a SC only differs by terms of order N ε from the FL one. This corresponds to the hypothesis DR1 of the DR approximation. A numerical illustration, performed by ray tracing in a SC model, is proposed in Sec. 5. We emphasize that, in the above proof, both the source and the observer were assumed to be comoving within FL regions. Hence, two effects which affect the z(v) relation were neglected. First, a source and an observer lying inside Kottler holes would in general undergo a different gravitational potential, depending on their distance to the hole center. The actual redshift must therefore be corrected by a factor A(r o )/A(r s ), which is at most ∼ 1 + r S /R h ∼ 1 + O(100ε). This effect is therefore subdominant when many holes are crossed (N > 100). The second neglected effect is the one of peculiar velocities (Doppler shift), and is potentially much more significant. Note that it would not only affect the redshift, but also the angular/luminosity distance [12, [64] [65] [66] .
For a more general point of view, as already mentioned in Sec. 2.3, we suspect that the deep underlying reason why, here, there is no strong modification of the v(z) relation, is the absence of backreaction in SC models. Proving this intuition may however require a dedicated study, whose starting point can be elements proposed in Refs. [34, 47] .
Ricci and Weyl focusing in holes
The focusing properties of a Kottler hole are ruled by its optical tidal matrix R K . In order to compute it, we first need to specify a Sachs basis. The reference observers' family is chosen as "generalized comoving observers", that is, observers with constant Lemaître radial coordinate R. As already seen in Sec. 3, such observers have the four-velocity u = ∂ T defined by Eq. (3.2) . The screen vectors s 1 , s 2 form an orthonormal basis of the plane orthogonal to both u and k. As before, we can, without loss of generality, assume that the light's trajectory occurs in the equatorial plane θ = π/2, so that a first screen vector can be trivially chosen as
It is straightforward to check that s 1 fulfills the transport condition (1.8). The second screen vector, s 2 , can then obtained from the orthogonality and normalization constraints defining the Sachs basis, but it turns out that its explicit expression is not required here. We now compute the optical tidal matrix R K . It is convenient, here, to use the RicciWeyl decomposition (1.12). Indeed, since the Kottler geometry describes vacuum, the only contribution to its Ricci tensor is the cosmological constant, R µν ∝ Λg µν , so that
Thus, there is no source of convergence in a Kottler hole, and R K is trace free. The calculation of the source of shear Ψ 0 is detailed in Appendix B, and the result leads to
As one could expect, the effect of the central mass is to vertically squeeze and horizontally stretch the light beam via tidal forces. The effect is stronger as M increases, and as b decreases. Besides, it is remarkable that the cosmological constant Λ, though having an impact on light deflection, does not focus light. From the point of view of on observer on Earth, it means that the position on the sky of a light source can be affected by Λ, but not its magnitude. The Sachs equationξ = R K ξ can be solved perturbatively [36] in order to get the expression of the Wronski matrix W K . However, at the order of interest for the discussion of this article, the result is simply
In other words, light behaves in the Kottler geometry as in Minkowski spacetime, modulo small tidal terms contained in the O(ε) term, that we neglect here. Note that neglecting tidal effects, i.e., the source of shear, in the Kottler holes, corresponds to hypothesis DR2 of the DR approximation.
Effective Ricci focusing in a Swiss cheese
As already mentioned in Sec. 1.3, the Wronski matrix is a particularly convenient tool for dealing with a patchwork of spacetimes, such as a SC model, thanks to its "Chasles relation" (1.17). Indeed, consider a light beam which travels, in a SC universe, from a source, s, to an observer, o, both located in FL regions. If this beam crosses N Kottler holes, then the Wronski matrix describing its evolution can be decomposed as
(4.13) where in n , out n respectively denote the entrance and exit of the nth hole (see Fig. 3 ). The matrices W n ≡ W SC (in n+1 ← in n ) represent the elementary bricks of the complete evolution. As we will see below, they merge the FL and Kottler optical properties into an effective behavior, which coincides with the one proposed by the Dyer-Roeder approximation. First consider the FL part. Since the path between the holes n and n + 1 is small compared to the cosmological scale H −1 , one can expand the exact results (2.10), (2.11), (2.12), and (2.13) to obtain
Kottler
out . The matrix product between Eqs. (4.12) and (4.14) then yields
where we have recognized the FL optical tidal matrix R FL , given in Eq. (2.9), while
represents the portion of the path (in n → in n+1 ) that light spent in the FL region. Interpolating the sequence (α n ) allows one to define a function α(v), which, in principle, depends on the path of light through the Swiss cheese. Note that the way we deal with the expansion (4.16) is licit; it is indeed reasonable to consider that the separation between successive holes has the same order of magnitude as the radius of a hole, thus (H∆T ) 2 ∼ (HR h ) 2 ∼ ε (see Sec. 3.3). We now show that αR FL plays the role of an effective optical tidal matrix. First note that Eq. (4.16) can be seen as a first-order Taylor expansion of W SC (v), so that, at leading order in the small parameters of the problem,
Besides, taking the derivative of the "Chasles relation" (1.17) with respect to v 3 , and evaluating the result for v 2 = v 3 , yields
Therefore, comparing the above relation with Eq. (1.18) shows that αR FL is the effective optical tidal matrix R SC (v) for the Swiss cheese. In particular, the Jacobi matrix equation inherited from Eq. (4.20) isD
This is exactly the hypothesis DR3 of the Dyer-Roeder approximation. It also provides a precise definition of the smoothness parameter α in the context of SC models, namely, the fraction of light path spent in the FL regions.
Numerical results
This last section aims at illustrating the results of the previous one, using numerical ray tracing in a SC universe.
Details of the numerical model and ray-tracing technique
We consider SC models with a random distribution of Kottler holes. As mentioned in Sec. 3.3, each hole is supposed to model the local environment of a galaxy, the central mass being the galaxy itself. Since we do not want all galaxies to have the same mass, we use, in our model, the (stellar) mass function proposed in Ref. [67] , to which we add artificially a factor 10 to take dark matter into account. The result is
with α = −1.16, M * = 7.5 × 10 10 h −2 M . This expression is considered valid in the interval M min < M < M max , with [67] M min = 10 8.5 M , M max = 10 13 M , and set to zero elsewhere. Thus, the normalization factor N is
Regarding ray tracing, the random character of the spatial distribution of holes is modelled using a simple technique where each ray "creates its own universe". This method was first proposed by Ref. [68] , and it has already been used in many studies involving SC models, see, e.g., Refs. [21, 26, 27, 69] . It consists in putting holes on the light's trajectory, with random (comoving areal 3 ) impact parameter B, random impact angle θ, and with a random comoving length ∆χ FL between the exit of the nth hole and the entrance of the (n + 1)th one. The situation is depicted in Fig. 4 . We consider that all the impacts positions, within the authorized cross section of a given hole, are equiprobable. Thus, the random impact angle θ is uniformly distributed; and the probability density function (PDF) of the impact parameter B reads
where R h is the comoving areal radius of the hole-related to its central mass via Eq. (3.9)-and R gal is the opacity radius mentioned in Sec. 3.3. We choose to link it to the mass M of the galaxy via a constant density ρ gal = 5 × 10 6 M kpc −3 , so that
As a last simplifying assumption, the FL separation ∆χ FL between two successive holes is also chosen to be uniformly distributed 4 between 0 and max(∆χ FL ) = 2 ∆χ FL . We parametrize the mean value with an effective constant smoothness parameterᾱ, so that
where ∆χ K is the comoving distance spent inside a Kottler hole. The calculation of this quantity is given in Appendix C, and the result is
In practice, the author wrote a Mathematica program to perform ray tracing in the conditions decribed previously. Calculations start at the observation event and go backward in time. The code consists in iterating the following steps. (i) Pick a FL comoving distance ∆χ FL,n and propagate the beam across it; (ii) pick a mass M n , an impact parameter B n , and an impact angle θ n defining light propagation through the nth Kottler hole; (iii) compute the redshift and Wronski matrix across this hole. We stress that, for those numerical calculations, we did not use the lowest-order expression (4.12) for the Wronski matrix W K , but rather the one of Ref. [36] , which takes into account tidal effects at order one.
Relation between affine parameter and redshift
In this paragraph, we illustrate the results of Sec. 4.1, regarding the affine parameter-redshift relation. Figure 5 shows the relative difference, for the v(z) relation, between a FL model and three different SC models, from very clumpy (ᾱ = 0) to very smooth (ᾱ = 0.9). All the models are characterized by the cosmological parameters obtained by the Planck experiment [1] , namely Ω m0 = 0.315, Ω Λ0 = 0.685. For each SC model, 500 observations are simulated within the range 0 < z < 1.5, according to the method presented in Sec. 5.1. Even for a model entirely filled by Kottler holes (ᾱ = 0), we see that the relative correction to the v(z) relation is very small, less than 10 −5 . This order of magnitude is compatible with the results of Sec. 4.1.
Relation between distance and redshift
In this paragraph, we illustrate the results of Sec. 4.3, regarding effective Ricci focusing in a SC model, and its comparison with the DR approximation. Figure 6 shows the relative correction to the D A (z) relation, for three different SC and DR models, with respect to the corresponding FL models. As before, the cosmological parameters are Planck's best-fit ones, and for each SC model, 500 observations are simulated within the range 0 < z < 1.5. 
First note that the difference between D SC
A and D FL A is of the percent order, and reaches more than 12% at z = 1.5 for a very clumpy SC model (the cosmological implications of this difference are discussed in Refs. [7, 36] ). It confirms that, in SC models, the correction to the v(z) relation (Fig. 5) is negligible compared to the D A (v) one.
In Fig. 6 , the good agreement between dots and solid lines numerically confirms the main point of this article, namely, that the Dyer-Roeder approximation provides a good effective description of light propagation in SC models. However, this agreement is not perfect, especially forᾱ = 0, where the mean behavior of D SC A (z) is slightly overestimated by D DR A (z), with some rare events in strong disagreement. As we shall see in the next subsection, this is due to the neglected Weyl lensing effects, i.e., departures from hypothesis DR2.
Lensing beyond the Dyer-Roeder approximation
This last subsection is dedicated to some lensing effects which are present in a SC model, but not taken into account by the DR approximation. In order to compare the focusing properties of a given spacetime with those of FL model, it is convenient to introduce the amplification (or magnification) matrix
This matrix describes the geometrical transformations of an image (magnification, deformation, rotation) which add to the global FL focusing effect. For instance, the relative magnification µ, defined as the ratio between observed angular size of an object, and the one that would be observed in a FL universe, is related to
In general, as any 2 × 2 matrix, A can be decomposed as the product between an SO(2) matrix, encoding the image rotation; and a symmetric matrix, encoding its distortion:
where
is the rotation angle, κ is the convergence, and γ = γ 1 + iγ 2 the shear, of the image. It is straighforward to check that the magnification is related to those quantities according to
In the DR approximation, shear and rotation are neglected. But since we are able to compute them numerically for SC models, it is interesting to see how they can induce a departure from the DR behavior. Figure 7 shows, as examples, the PDFs of the optical quantities, generated by simulating 10 4 observations at redshift z = 1 in three different SC models withᾱ = 0, 0.5, 0.9. The values predicted by the DR approximation, with α =ᾱ, are indicated for comparison. The evolution of the first two moments of the PDFs (mean and standard deviation) with the mean smoothness parameterᾱ of the SC model are depicted in Fig. 8 . In this figure, the mean magnification µ and convergence κ are also compared with the DR values.
We see that the DR approximation predicts a value for the convergence in excellent agreement with the mean convergence κ in SC models, but slightly underestimates the mean magnification µ , as already suspected in Fig. 6 . The difference increases as the mean smoothness parameterᾱ decreases, and reaches µ − µ DR = 0.4% forᾱ = 0. More precisely, we see from the top panel of Fig. 7 that µ DR gives essentially the most probable magnification, which is different from the mean magnification because the PDF is clearly skewed. Besides, since the PDF of the convergence seems much more symmetric, such a skewness can only come from the shear. Thus, we conclude that, in SC models, departures from the DR behavior are due to neglecting Weyl lensing, i.e. hypothesis DR2.
However, such departures remain small, since in the worst case µ − µ DR = 0.4%, while µ − µ FL = µ − 1 = −12%. This could be surprising, because the shear is not intrinscally negligible compared to the convergence, we indeed see from Fig. 8 that κ ∼ |γ| ∼ %. The difference between those optical quantities is that, fortunately, the magnification µ involves κ at order one, but γ only at order two [see Eq. (5.11)]. This justifies a posteriori the expression (4.12) of W K , used in the proof of Sec. 4.3, where we completely dropped the Weyl focusing effects. Such an approximation would not have been consistent if we were interested in anything else than the angular distance, i.e. the determinant of the Jacobi matrix. 
Conclusion
In this article, we analysed the suspected correspondance between light propagation in Swisscheese (SC) models and the Dyer-Roeder (DR) approximation. Invoking both analytical proofs and numerical illustrations, we proved that such an approximation is indeed excellent for predicting the distance-redshift relation of SC models, provided that (1) the matter clumps at the center of SC holes are effectively opaque, and (2) reasonable orders of magnitude are taken for the mass and compacity of the clumps.
Rather than just checking the good agreement between the results of both approaches, our main purpose was to understand why the various hypotheses of the DR approximation are satisfied in SC models. It appeared that:
• The affine parameter-redshift relation v(z) is essentially the same in SC and FL models because the deflection and ISW effects are negligible. Independantly of such effects, we also suspect that the absence of backreaction in SC universes, despite their inhomogeneity, is the deep reason why the FL v(z) relation holds.
• In SC models, Weyl lensing (source of shear and rotation) and Ricci lensing (source of convergence) are intrinsically comparable. However, compared to the latter, the former have a negligible impact on the angular distance-affine parameter relation D A (v), because shear only appears at order two in the expression of the magnification.
• The way the DR approximation deals with Ricci lensing, i.e., making heuristically the replacement ρ → αρ in the Sachs equation, works in SC models because FL regions and Kottler regions alternate many times over cosmological scales. This, indeed, allows the SC Wronski matrix to get an effective behavior which fits the DR one.
In the case of extremely clumpy SC models (entirely filled by Kottler holes), small departures from the DR predictions are observed, regarding the mean magnification. We saw that they were due to the effect of the neglected Weyl lensing. However, such departures remain small, since at worst µ − µ DR = 0.4%, to be compared with µ − µ FL = −12%. Moreover, the PDF of the magnification in SC models being skewed, the most probable magnification is smaller than the mean one, and thus in even better agreement with µ DR . We conclude that, regarding the distance redshift relation, one can safely consider the DR and SC approaches as equivalent.
The question of whether those approaches are relevant alternatives to the standard interpretation cosmological data is beyond the scope of this article. It regroups at least two crucial issues of modern cosmology. The first one is the amplitude of backreaction, neglected in both the DR and SC approaches. The second one concerns the actual clumpiness of our Universe, which is closely related to the problem of structure formation, and even to the question of the nature of dark matter.
B Source of shear in Kottler geometry
We compute the Weyl part (source of shear) of the optical tidal matrix R K for the Kottler geometry, using the regular Droste coordinates (t, r, θ, ϕ). Without loss of generality, we assume that the axes have been chosen so that the light path lies in the plane θ = π/2, which implies k θ = 0. The four-velocity of the reference observers is given by Eq. (3.2), in particular u θ = 0.
2 (B.6) therefore,
Since the Ricci-focusing term is zero, the optical tidal matrix is trace-free, so that R K 11 = −R K 22 . Besides, the off-diagonal terms R K 12 = R K 21 are zero, indeed 8) and the vectors k, s 2 have no components along ∂ θ (so that ν, α, β = θ), while all the components of the Riemann tensor involving a single index θ vanish.
C Mean Kottler path
Let us compute the mean comoving distance ∆χ K spent inside a Kottler hole. First note that, as already mentioned in Footnote 4, since the size of the holes is small compared to cosmological scales, we can reasonably consider
Moreover, if a hole is crossed with (comoving areal) impact parameter B, and neglecting light deflection, we have 
